Expansions or "addition theorems" for the spherical wave functions j"(kR)PZ(cos 0) exp (im<p), hi" (kR)P™(cos 0) exp (iimp), and hl3) (kR)P™ (cos 0) exp with reference to the origin 0, have been obtained in terms of spherical wave functions with reference to the origin 0', where 0' has the coordinates (r0, 0O, <j>0) with respect to 0. 1. Introduction. When a plane wave is incident on a configuration of spheres, the scattered field may be obtained by a series of successive approximations.
with reference to the origin 0, have been obtained in terms of spherical wave functions with reference to the origin 0', where 0' has the coordinates (r0, 0O, <j>0) with respect to 0.
1. Introduction. When a plane wave is incident on a configuration of spheres, the scattered field may be obtained by a series of successive approximations.
The zero-th order approximation is just the sum of the fields scattered by each individual sphere when the excitation of each sphere is taken to be the original plane wave. Higher order approximations take into account contributions to the excitation of a particular sphere from the waves which the remaining spheres scatter. In particular, the first order approximation is the field scattered by the configuration when the excitation field is taken to be the initial plane wave plus the zero-th order approximation to the scattered wave.
In order to carry out this approximation it is necessary to decompose the scattered field of a sphere with center at 0 into incoming spherical waves for a second sphere with center at 0'. Such a decomposition requires an "addition theorem" which expresses a spherical wave with center at 0, in terms of spherical waves with center at 0'.
Such an expansion or "addition theorem" for cylindrical waves is well known [1] . Using this expansion, Twersky [2] was able to calculate the scattered field obtained by a plane wave striking a configuration of cylinders, taking into account the contributions to the excitations of a particular element by the radiation scattered by the remaining elements. The analogous case of a plane wave striking a configuration of spheres may be treated with the help of the addition theorems we have obtained in this paper.
The first expansion treated in this paper is that for the standing spherical wave jn(kR)PZ(cos 0)em4> with reference to origin 0. This spherical wave is represented as an integral of plane waves over all possible directions. These plane waves are also referred to the origin 0. A transformation is then made to obtain the plane waves in terms of the origin 0'. In order to evaluate the resulting integral it is necessary to have a formula which expresses the product of two associated Legendre functions in terms of a sum of associated Legendre functions. Once this is obtained by using a formula due to Infeld and Hull, the evaluation of the integral is possible and the final form of the expansion is a sum of spherical waves with reference to the origin 0'.
The second expansion treated is that for the outgoing spherical wave hlu(kR)PZ(cos 6)e'm"' with reference to the origin 0. The same procedure is used as for the expansion of j"(kR)Pmn(cos 6)e'm*. However, in this case, the integral is over plane waves with real and complex directions. This leads to convergence difficulties when the transformation from the origin 0 to the origin 0' is effected. These are discussed in [Vol. XII, No. 1 Appendix III. The final form of the expansion as a sum of spherical waves with reference to the origin 0' is then obtained.
From the first two expansions we then obtain an expansion for h(n2) (kR)PZ(cos 0)etm* with reference to origin 0, in terms of spherical waves referred to origin 0' by using the relationship h^\kR) + h"\kR) = 2jn(kR).
We wish to express our thanks to Dr. Vietor Twersky who suggested this problem. 2. The expansion for jn(kR)Pmn(cos d)etm*. Consider a point P, which has the spherical coordinates (R, 6, <f>) with respect to the origin 0. A plane wave coming in along the direction 6 = a, 4> = 13 can be expressed as follows, in terms of spherical waves with center at 0 (see [3] Here 7 is the angle between the directions (a, /3) and (6, <fi) so that cos 7 = cos 6 cos a + sin 6 sin a cos (0-/3). From the expansion (1), an integral representation of elementary spherical wave functions can be obtained. Multiplying both sides of the equation by P™(cos a) exp sin a, integrating over a and (3, and using the orthogonality properties of the Legendre functions, we obtain the well-known formula (see [3] ):
Introduce a new origin 0', where 0' has coordinates (r0 , 0o , <f>0) with respect to 0 ( Fig. 1) , and ldt (r, 8', <t>') be the spherical coordinates of the point P with respect to 0'. We shall now obtain an expansion for a standing spherical wave around 0 such as jn(kR)P™(cos 6) exp (im4>) in terms of standing spherical waves around 0' such as j,(kr)Pt(cos 6') exp (in<t>')-First we introduce a set of rectangular coordinates around 0 and a parallel set around 0'. Let (x, y, z) be the coordinates of P relative to 0, and let (x', y', z') be the coordinates of P relative to 0'. We have z = R cos 6, x = R sin 6 cos y = R sin 8 sin <£, z' = r cos 8', x' = r sin 8' cos 0, y' -r sin 8' sin <t>, z = z' + z0 , x = x' + x0 , y = y' + y0 .
Now since cos 7 = cos 6 cos a + sin 6 sin a cos (p -<j>), it follows that R cos 7 = r[cos 8' cos a + sin 8' cos <£' sin a cos p + sin 6' sin </>' sin a sin /3] + ?o[cos 0" cos a -f sin 0O cos 4>0 sin a cos |3 + sin 60 sin <t>0 sin a sin 0], which can be written as R cos 7 = r cos 7' + r" cos 70 .
Here 7' is the angle between the direction (a, 0) and (8</>'), while 70 is the angle between the direction (a, (3) and (0O, <t>0) • Using (3) in (2) we have n(kR)Pm"(cos 6)e'm* n ,2. r = -I / exp (ikr cos 7') exp (ikrn cos 70)P"(cos a) exp sin a da dp.
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For the term exp (ikr cos 7') we use the expansion corresponding to equation (1) In order to simplify the above equation, it is useful to have a formula expressing the product of two associated Legendre functions in terms of a sum of associated Legendre functions.
Using a formula given by Infeld and Hull [4] for the integral of the product of three Legendre functions, we have P"(cos a)P:(cos a) = J2 afl m l> I M I: P> n> v)PT"(cos a), It is possible to evaluate these integrals directly [5] (compare equation 4), and we have
Substituting equation (9) into (8) 
3. The expansion of h("l) (kR)Pm"(cos 6)e'm* and (kR)Pmn(cos 9)e'm*. In order to obtain an addition theorem for the outgoing spherical wave h{nv (kR)PZ(cos 6) exp (im4>) we must first get the integral representation for this function. We have the formula [6]
Ztt J 0 J 0 where , 0X , <j> 1 are the coordinates of a point Pl with respect to the origin 0t . Now, let the point Pj have spherical coordinates (R, 6, <f>) with respect to the origin 0, and let 0l have coordinates r°, <t>°, 0° with respect to 0. From equation (3) we see that R cos 7 -r° cos 70 + rx cos 71 or exp (ikrx cos 7,) = exp (-ikr" COS70) exp (ikR cos 7)
where as before cos 7 = cos a cos 0 + sin a sin 0 cos (/? -<f>). Now from equation (1) Therefore, using the formula [7] exp (ikr0/ikr,
= t Z (2,l + 1){n, I m \ }jn(kr°)hn\kR)PZ(cos 0°)P™(cos 0) exp [im(4> -4>°)] (14)
n-1 m = -n and equation (12) and (13) in equation (11) and comparing the coefficients of each j"(kr°)Pmn(cos 6°) we find the integral representation to be [8] hll\kR)PZ(cos 6) exp (irruf) " r 2' /•*/»-= -I / exp (z'&K cos y)P"(cos a) exp (im0) sin a da dp.
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Now let the point P have spherical coordinates (/, 6', </>') with reference to another origin 0', where 0' has coordinates (r0 , 60 , 4>0) with respect to 0. (See Fig. 1 ). From equations (1) and (3) • j,(kr<)hiv1\kr>)P*+m(cos e0)P"y(cos 0') exp [i(m + n)4>0] exp (-iy4>')},
where r< = minimum (r, r0) r> = maximum (r, r0). This is the expansion for a spherical wave h("v (kR)Pmn(cos 0) exp (irn4>) about one origin, in terms of spherical waves around another origin.
To find the expansion for h(n2) (JcR)Pmn(cos 0) exp (im<t>) we use the relationship hn\kR) + h?\kR) = 2jn(kR) 
Appendix I.
To show that the expansion
is a uniformly convergent series, we first write it in the form exp (ikr cos 7') = X) i'(?v + 1)j,(kr)P,(cos y').
r-0
Now we know that for 0 < y' < 2t, \ P, (cos 7') | < 1, andalso | exp [ -in(4>' -/3)] | = 1.
For large values of v, | j,(kr) | behaves like (kr/2)"/v!. Hence we have E | i\2v + l)j,(kr)P,(cos 7') | < ±(2v + \){kr/2)'/v\ (24) r-0 r-0 However, XXo (2v + 1)(At/2)Vi'! is a convergent series, and therefore it follows that CO X) ^'(2x + l)j,(kr)P,(cos 7') (
p-0 is a uniformly convergent series.
Appendix II. • / / P(cos 7')^"(cos a) exp (ifcr0 cos y0) exp {imjl) sin a da dp when r < r0 (39) J 0 Jo and when P,(cos y') is expanded in terms of PJ(cos a)P",(cos 6') we have equation (16).
